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1 Introduction 

Let r be a finite subgroup of SL(2, C), k 6 C a complex number and c = {c 7 } a complex valued 
class function on Y — {e}, where e is the identity element of T. In this note we study some 
finite dimensional representations of the wreath product symplectic reflection algebra H±^ c (Tn) 
attached to the group Tn '■= Sn k F n and to the parameters (fc, c) (see |EG) . |GG| ). 

We recall that in the rank 1 case there is no parameter k and finite dimensional representations 
of the wreath product algebra Hi c (T) have been classified in CBH . For higher rank, when k = 0, 
we have that i?i,o,c(r.zv) = Sn^Hi^T)® 1 ^ . So, in this particular case, the finite dimensional 
representations of -Hi,fc. c (rV) can also be recovered from CBH . 

Thus we restrict ourselves to values of (k, c) with k ^ and obtain a classification of the 
irreducible finite dimensional representations of Hi k iC (Tjf) in which the generators Xi and yi (see 
Definition 12. 2|l act by for any i — l,...,N. We show that this is equivalent to classifying all the 
irreducible representations of IV that can be extended to representations of Hi,fe, c (IV) for such 
values of the parameter {k, c) . 

2 Preliminaries 

2.1 Symplectic reflection algebras of wreath product type 

In this first section we will give the definition of the wreath product symplectic reflection algebra 
#i,fc,c(rjv) using an explicit presentation by generators and relations due to |GG| . We start by 
recalling the following well known definition. Let T be a finite group and T N be the direct product 
of iV copies of T. Denote by Sn the symmetric group of degree N. 

Definition 2.1. The wreath product Tn := Sn x F n is the semi-direct product of Sn and T N , 
where T N is normal, and the action of Sn on T N by conjugation is the natural one in which Sn 
permutes the direct factors of T N . 

Let now L be a 2-dimensional complex vector space with a symplectic form W£, and consider 
the space V = L® N , endowed with the induced symplectic form ujy — lul® n . Chosen a symplectic 
basis x, y for L we will denote by Xi, yi the corresponding vectors in the ith L-factor of V. 

Let F be a finite subgroup of Sp(L) ( note that Sp(L) — SL(2, C) thanks to the choice of 
a symplectic basis), then T N acts symplectically on V. Consider the action of Sn on V that 
permutes the factors in the direct sum. The group ITV := Sn x F n C Sp(V) acts naturally on V. 
We will denote by e the identity element of T and we will write 7j for an element 7 € T, seen as 



the element (e, . . . , 7, . . . , e) in the ith factor of T C T 



N ■ 
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Let (fc, c) be a pair made up by a complex number k and a complex valued class function c on 
r — {e}. We will write c 7 for 0(7). 

We denote by TV the tensor algebra of V and by rVflTV the smash product of TV with rV- 

Definition 2.2. 77ie algebra Hi^^^n) is the quotient ofT^^TV by the following relations: 

(R'l) for am/ i e [l,iV]: 



7er 7S r-{e} 

(R'2) for any u,v <E L and i j : 

k \ 



a 



In this paper we will deal with the classification of representations of the algebra ■Hx,fe,c(IV) 
in which Xi, yt act by zero for any i, thus the relations we will actually use are the following: 



(Rl) For any i e [1,7V]: 



j& 7er 7 er-{ e } 



(R2) For any u,v G L and i ^ j: 



= - 2J Wi(7U, v)7»7, rl » 
7 er 



where, with abuse of notation, we wrote 7,, sy etc. . . . for the images of the corresponding elements 
of ifijfejcCT'jV") in a representation. 

We end this section by recalling that in the rank 1 case we have Ti = T. In this case there's no 
action of Sn and no parameter fc, and the symplectic reflection algebra attached to T is simply: 

H lA r) C<x ' y> 



I([x,y] = l + E 7e r-{ e } c 77)' 

where C < x, y >= TL , the tensor algebra of L, and /(— ) stands for the ideal generated by 
the indicated relations. Representations of these algebras (deformations of Kleinian singularities) 
have been studied in [DBH . 

It's easy to see that relations (Rl), (R2) in this case reduce to: 

= 1+ w 

7 er-{ e } 

2.2 Irreducible representations of wreath product groups 

For reader's convenience and in order to introduce some important notation, we recall the classi- 
fication of irreducible representations for a wreath product group. Everything that follows is true 
for any finite group T and for representations over any algebraically closed field F of characteristic 
0. For simplicity we will consider F = C, the field of complex numbers. For complete proofs and 
details the reader should refer to j.IK| . Chapter 4. 
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A nice property of the wreath product group Tn is that the set of its irreducible representations 
Irr(rjv) can be completely recovered from a knowledge of Irr(T), using the representation theory 
of the symmetric group. 

Let {Yi, . . . ,Y V } denote the complete set of pairwise non-isomorphic representations of F over 
C. Then a complete set of irreducible representations of T N is given by Y — Yh 1 ® • • • ® Yh N where 
(hi, . . . , /ijv) varies in [1, v\ N . If Nh denotes the number of indices i s.t. hi — h, i.e. the number of 
factors of Y equal to Yh, h = 1, . . . , v : then: 

N ={N 1 ,...,N V ) 

is called the type of Y. 

We will say that two representations Y, Y' are conjugate if they have the same type. This 
simply means that Y — Yh 1 ® • • • ® Yh N and Y' = Y^^. ® • • ■ ® Yh a(N) for some a e Sjv, i-e. V 
equals the representation Y twisted by the outer automorphism of T N that permutes the factors 
according to a. It turns out that the role played by conjugate representations of T N in recovering 
irreducible representations of IV is exactly the same. This is essentially because, as one can easily 
argue from Definition 12. II the outer automorphism induced by a E Sn on T N is a restriction of 
an inner automorphism in ITV (conjugation by the element <r e Tjv). So from now on we will 
consider only the representations of T N that can be written as Y — Y® 1 ® • • • ® Y® N " . Notice 
that the representations of this form are a complete set of irreducible, pairwise non-conjugate 
representations of T N . 

For any h, we denote by Sjv h the subgroup of Sn consisting of the permutations that move 
only the indices + 1, . . . , J2i=i Ni}, corresponding to the factors of Y isomorphic to Yh- 

We agree that Sx h = {1} if JV), = 0. Thus we can consider the group: 

Sjf = SjVi x • • ■ x 5jv„ c Sn C Sn x r w 

called the inertia factor of y. Obviously any irreducible representation W of Stf is obtained as 
W = W\ ® ■ ■ ■ <g> W y , where VF^ is an irreducible representation of S 1 ^. 
The inertia subgroup of V, instead, is defined to be: 

(r N ) Y — Sfi x c Sn x r". 

Let's now consider an irreducible representation of T N , Y — Y® Nl ® • •• ® 1^^". There is a 
natural action of (Tjv)y on Y" in which acts according to Y and permutes the factors. This 
representation can be shown to be irreducible. For simplicity we will keep the notation Y for this 
representation. 

Another easy way to obtain irreducible representations of (Tn)y is extending an irreducible 
representation W — W\ <8> • • • <8> W u of S^ by making T N act trivially. In this case we will also keep 
the notation W for this extension. 

Let's now consider the tensor product of W and Y: 

W ®Y = Wi®---®W„® Y® Nl ® • • • ® F®^. 

Here S^ acts both on W and on Y( permuting the factors), while T N acts only on Y . This is also 
an irreducible representation of (Yn)y QlKj . page 155). 
We can now obtain the induced representation of rV: 

W <g> y t:= Ind^ )y W ® F 

The following theorem holds. 
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Theorem 2.3. The representation W ® Y | is irreducible and runs through a complete system 
of pairwise non-isomorphic irreducible representations ofTjy ifY runs through a complete system 
of pairwise non-conjugate irreducible representations of T N and, while Y remains fixed, W runs 
through a complete system of pairwise non-isomorphic irreducible representations of Sjj. 

In particular we have that, for a fixed W, the representation W ®Y \ depends only on the type 
of Y . With abuse of language we will call type of W <g> Y f the type of Y as a representation of 
T N . We remark that the possible types of W ® Y f are in bijection with the 2/-tuples (N\, . . . , N v ), 
Nh > 0, J^h — N and that to any such ^-tuple we can attach a proper partition of N, taking 
all the non-zero NhS in (Ni, . . . , N v ) and ordering them in non- increasing order. 

Remark. A very easy example is when all the factors of Y are the same , i.e. Y = Y® N for 
some h £ [1, v\. The type of Y is (0, . . . 0, N, 0, . . . 0) with an N in the hth position and is associated 
to the partition of N of Young diagram a single row of length N, i.e. the partition corresponding 
to the trivial representation of Sjy. For this reason we will call these representations of "trivial 
type". In this case the inertia factor of Y is Sjy, its inertia subgroup coincides with Sn r w , 
and we need no induction. For any irreducible representation W of Sn we obtain the irreducible 
representation W <8> Y of Sn x F N ■ 

2.3 Irreducible representations for T C SL(2, C) and the McKay corre- 
spondence 

In this section we will briefly recall some classical results about the finite subgroups of SL(2, C) 
and their representations that we will need in the next sections. 

It is well known (see for example |Co| . Chapters 6,7) that all the finite subgroups of SL(2, C), 
or equivalently the finite groups of quaternions, can be distinguished into two infinite series: 

• the cyclic groups C n +i for any n > (C\ = {e}), of order n+ 1; 

• the dicyclic groups 2?„_2 for n > 4, of order 4(n — 2); 

and three exceptional groups, that are the double coverings of the groups of rotations preserving 
regular polyhedra in R 3 via the homomorphism of Lie groups SU(2) — ► 50(3, R): 

• the binary tetrahedral group T, of order 24; 

• the binary octahedral group D, of order 48; 

• the binary icosahedral group J, of order 120. 

The terminology we used refers to the so called McKay correspondence, as we are going to 
explain. In ( MK ) McKay showed that "the eigenvectors of the Cartan matrices of affine type 
A n , D n , Eq, £7, E$ can be taken to be the columns of the character tables of the finite groups of 
quaternions". To this end he attached a graph to any finite subgroup of SL{2, C) in the following 
way. Consider the set of irreducible non-isomorphic representations of a finite group T C SL(2, C), 
/ = {Y±, . . . ,Y V }, and let L be the tautological representation of T, i.e. the natural representation 
of T as a subgroup of SL(2, C). Notice that L is a self-dual representation. Now build the graph 
in which the set of vertices is /, and the number of edges between two vertices Yh and Yh' is the 
multiplicity of the irreducible representation Yh in Yh> ® L or equivalently, since L is self-dual, 
the multiplicity of Yh' in Yh (8 L. Any such graph turns out to be an extended Dynkin graph 
with extending vertex corresponding to the trivial representation. If we label each vertex with the 
dimension of the corresponding representation the result is the following: 



4 




3 



1 2 3 4 5 6 4 2 

Figure 5: E 8 for T = 3 
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Notice that the adjacent vertices to a fixed vertex Yh correspond to the irreducible components 
of the representation Yh ® L. 

2.4 Representations of Sn with rectangular Young diagram 

In what follows we will use the following standard results from representation theory of the sym- 
metric group that we will state without proof. Denote by f) the reflection representation of Sn- 
For a Young diagram A we denote by W\ the corresponding irreducible representation of S n and 
by C(A) the content of A, i.e. the sum of signed distances of the cells from the diagonal. 

Lemma 2.4. i) Homs N (f)® Wa, W\) — C m_1 7 where m is the number of corners of the Young 
diagram A. In particular Homs N (f) <8> W\, W\) — if and only if A is a rectangle; 

ii) the element C = s 12 + «13 + ■ ■ • + sijv acts by a scalar in W\ if and only if X is a rectangle. 
In this case C\w x — 2 C N X ^ ; 

Hi) if A is a rectangular Young diagram of height a and width b, then: C(A) = — , 

□ 



3 The main theorem 

Our main theorem classifies the irreducible representations of -Hi,fc, c (rjv) for values of (k,c) with 
k ^ 0, in which the generators Xj, yt act by for any i = 1, . . . , N. Since such representations 
can be considered as irreducible representations of IV, the problem reduces to classifying the irre- 
ducible representations of IV that can be extended to a representation of the associated symplectic 
reflection algebra with trivial action of the generators x,, y~i for such values of (k, c). On the other 
hand, we will show at the beginning of the next section that if an irreducible representation of IV 
extends to a representation of i?i,fe, c (rjv) then Xj, yt must necessarily act by 0. 

For r = {e} it is easy to see that the algebra H\ t k,c(SN) has no finite dimensional representa- 
tions. In fact Hi^, c (Sn) always contains a copy of the Weyl algebra (generated by the elements 

Xi H h xjv, 2/1 H h Vn) that has no finite dimensional representations. We will thus consider 

the case T ^ {e}. Before stating the theorem we need to introduce some notation: 

• v will denote the number of conjugacy classes {C\, . . . , C„} of T , with C\ — {e} , \C S \ will 
be the cardinality of the class C s , and c s the value of the class function c on C s ; 

• for any irreducible representation Yh of T, XY h (C s ) will be the value of the character of Yh 
on the class C s . 

With this notation, the complex number ^^^^^ is the scalar corresponding to the central 
element X^ec 7 m ^ ne irreducible representation Yh. 

Theorem 3.1. Let T ^ {e}. 

I) For k 7^ an irreducible representation W ® Y | of Tn of type (N\, . . . , N v ) extends to a 
representation of the associated symplectic reflection algebra i?i,fe, c (rjv) if and only if the 
following two conditions are satisfied: 

i) W — W\ ® • • • ® W v , where Wh is an irreducible representation of Sm h with rectangular 
Young diagram Xh, of size ah x 6^; 
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ii) for any h ^ hi s.t. Nh,Nh' ^ 0, Homr(Y/i ® L,Yh>) = 0, where L is the tautological 
representation of T . In other words, any two non- isomorphic representations Yh, Yh' 
of r occurring in the type of Y must be non-adjacent vertices in the extended Dynkin 
diagram attached to F. 

II) W ® Y f extends for any value of the parameter (fc, c) belonging to the intersection of the 
hyperplanes: 

k v 

H h : diwY h + (b h -a h )-\T\+J2c s \C s \ X Y h (Cs) = (2) 

s=2 

for any h G {1, . . . , i/} s.t. Nh ^ 0, i.e. for any representation Yh occurring in the type 
of Y . The space of the solutions of this system of equations has dimension v — r where 
r = #{N h s.t. N h ^0}. 

The next section is devoted to the proof of Theorem l3.il 

4 Proof of Theorem 18.11 

As stated at the beginning of the previous section we start by proving the following: 

Theorem 4.1. Let M be a iJi^.^r 'n) -module such that -M|rjv is irreducible. Then the generators 
Xi, yi act by zero on M for any i — 1, . . . , N . 

Proof. Without loss of generality consider the elements x\, y± € i?i.fc. c (rjv). From Section 
12.11 we know these elements commute with the elements ji for i ^ 1 , and the action of 71 by 
conjugation on such elements corresponds to the action of 7 on the basis vectors x, y respectively 
in the tautological representation L of T. Thus we can view x\, y\ as a basis for the representation: 

L ® C ® ■ ■ ■ ® C 

V v ' 

N-l 

of r^, where C is the trivial one-dimensional representation. So we have that the action of xi, y\ 
on M induces maps of T^-modules: 

(L (gi C ® • • • ® C) <g) M — ► M. 

But now from Section l2~2*l we have that, as a T^-module, M decomposes in irreducibles as: 

a 

where a are permutations in Sn and factors may appear with some multiplicity. Thus composing 
with the r^-module maps given by the injections and projections of the direct factors we have 
that x%, yi induce T^-module maps: 

(L ® Y Km ) ® . . • ® Y Km — > Y K , m Y K , m 

for any a, a' . Since the Y^s are irreducible T-modules, in order for such a map to be non-zero, we 
must have Yh a{{) = Yh a ,. for any i > 2. This implies Yh a{1) = Yh a , {1) and we get a homomorphism: 

But such a homomorphism must be zero as explained in Section l2~^l as extended Dynkin diagrams 
have no loop- vertices. We deduce X\, yx act trivially on M. 
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To prove Theorem 13.11 we will use simple classical results from the representation theory of 
finite groups. From now on we will assume T ^ {e}. 

4.1 The relations (R2) 

It turns out that the relations (R2) have an easy interpretation in terms of the extended Dynkin 
diagram attached to the group V in the McKay correspondence. Let L be the tautological repre- 
sentation of r. We have the following theorem. 

Proposition 4.2. If W <g> Y t is a representation o/IV of type (Ni, . . . , N u ), then the operators 
of the corresponding matrix representation satisfy (R2) for k ^ if and only if for any pair h, h! 
s.t. Nft,Nh' ^ 0, Homr(£ ® = i.e. if and only ifYn, Yy are not adjacent vertices of the 

extended Dynkin diagram associated to T in the McKay correspondence. 

Proof. Relations (R2) are satisfied for k ^ if and only if 

Y UJ L(ju,v)j l -f j ~ 1 =0 Vu,v£L, Vi^j. 

We observe that, for any Y, the subgroup T N is contained in the inertia subgroup of Y and is 
normal in IV For this reason the induced representation W ® Y f can be written as: 

o-i • (W ® Y) © • • • © a M ■ (W ® Y) (3) 

where M — Nl \ N ' N i , and {o~i, . . . , o~ M } is a set of representatives of the left cosets of the inertia 
factor (IV)y in IV, that can be chosen to be all in SV The action of an element g £ TV on a 
vector a i ■ v is defined as follows: 

g(pi ■ v) = oy • (g'v) where goi = a r g' g' £ (T N ) D . 

By the normality of T , all the direct factors of © are stable under the action of X^er ^l^u, v) 7^7" 
thus this operator has a block diagonal form. The /th block corresponds to the operator A(s,t) = 
S 7 er w l(7"i v ) 7s7t _1 ; with (s,t) = {a^ l {i), cr ; — 1 ( j ) ) , in the representation W ® Y of (IV) v. We 
are reduced now to show that any such block is zero if and only if the conditions of the propo- 
sition are satisfied. Since the action of A(s,t) is trivial on W, we can suppose W to be trivial 
1-dimensional, thus W <£> Y = Y. Without loss of generality we can also suppose s < t. Since the 
bilinear form u>l is non degenerate and u, v vary in all L we have: 

A( s ,t) = 0^ Y;^®^®^' 1 ^®^®^ =0 ^ Y;^®^®^ 1 *^®^®^ =0 

where " * " denotes the transposition. Now, if we denote by Y£ the dual representation of Yh t , we 
notice that the last operator corresponds to the operator: 

■yea 

that is a multiple of the projector on the invariants of the representation L eg) Yh s ® Yfi . 

Now this is zero if and only if Homr(£ ® Yh t , Yh s ) = 0. From Section 1^731 we know this happens 
exactly when Yh B , Yh t are non adjacent vertices in the Dynkin diagram attached to T. 

□ 

Remark. Notice that when Y is of trivial type (0, . . . , N, . . . 0), i.e. when all the factors of Y 
are the same, Proposition 14. 21 implies that the conditions (R2) are automatically satisfied (Dynkin 
diagrams corresponding to non-trivial finite subgroups of SL(2, C) have no loop vertices). 
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4.2 The relations (Rl) 

The only thing we are left to do now is analyzing the conditions for relations (Rl) to be satisfied. 
We will begin from the easiest case of W ® Y f with Y of type (0, . . . , N, . . . , 0), corresponding to 
the trivial partition of N (a single row with N boxes). We have the following proposition. 

Proposition 4.3. For k ^ a representation W ® Y of IV of trivial type (0, . . . , N, . . . 0) extends 
to a representation of Hi^ tC {T n) if and only if the following conditions are satisfied: 

i) the representation W of Sn corresponds to a rectangular Young diagram; 

ii) the parameter (k, c) satisfies the corresponding equation in part II) of Theorem \3.1\ 

Proof. As we observed in the previous subsection, Proposition 14.21 implies that in this case 
relations (R2) are satisfied. Thus we only have to consider relations (Rl). 

We will begin with an easy clarifying example. When Y = Y® N with Yh one dimensional, it 
is straightforward to check that Proposition 14 . 31 holds . In this case in fact, the permutation action 
of S N on Y® N is trivial and W <g> Y® N ^Was S^-modules. Thus the relation (Rl ) for a fixed i 
looks like: 

o = ! |r| I>« = - 1 " E c lX Y h {i) = -i-jZcs\c s \ X Y h {Cs), 

i¥* 7er-{ e } s=2 

where XY h {C s ) is the value of the character of Yh on the conjugacy class C s . For k ^ we have: 

V- _ 2(-l-E:=2Cs\C s \xY h (Cs)) ... 

2^ S ^~ k \v\ ■ [) 

So Y2j=a Sij must act as a scalar and Lemma ()2.4|l part ii) implies that W must have rectangular 
Young diagram A of some size a x b. We remark that Lemma 12.41 part ii) Hi) implies that the 
element Y2j^i s ij ac ^ s as the scalar 2 c ^ = (b — a) in this representation. Substituting this value 
in equation we get the result in the 1-dimcnsional case. Notice that this first consideration 
solves completely the case when T is cyclic. 

Let's now suppose diml-F = m and dimYfj = n > 1. We rewrite relations (Rl) as follows: 

-1- £ c 77l = ^^s^: 1 . (5) 

7er-{ e } j& ier 

We observe that the LHS of JSJ is a central element of the group algebra CfT^] (due to the fact 
that c is a class function), and that, as T^-module, W ® Y is isomorphic to a direct sum of diml'F 
copies of the irreducible representation Y? . Thus the LHS acts as a scalar in this representation. 
More precisely we have: 

\- _^ c(s)\C s \xY h (Cs) 
7 er-{ e } s=2 

So we must have that % Y]. cr Sij~/ij~ 1 is a scalar. We will show that this operator has a 
block form that reduces equation (jSJ to equation (J4J). 

For this let's take any two bases {v\, . . . , w„}, {w\, . . . , w m } for Yjj and W respectively. The 
vectors {vj = <E> • ■ ■ <S> w^}, where the multi-index / = (ii, . . . ,ijy) varies in [1, n] , are clearly 
a basis for F = YJ® N . We can give the multi- indices I a total ordering ,/„» using the 

lexicographic order. Consider now the basis of W ® given by the vectors: 

Zi = iui ® , . . . , Z m = tu m ® vj t , ... , Z„n = wi <g> vj „ , . . . , Z mn « = tt> m ® vj „ . 
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Any transposition Sij € Sn induces a permutation Sy (of order 2) on the set {Ii, . . . ,/„»} thus 
on the vectors of the basis {Zi, . . . , Z mn jv}. Let's now denote by Aw(sij) the operator (of size 
to x to) for Sij in the representation W , and by O rn the 0-operator of size to x to. It is easy to 
see that, using the basis {Z\, . . . , Z mn w}, we can obtain a block form for the operator in the 
representation from the block diagonal operator 

/ A w (sij) O m ■■■ O m \ 

\ O m ■■■ O m Aw(Sij) J 

by simply permuting the columns according to Sij. Using this, we can compute a block form for 
s ij S 7 er 7*7^" • We denote each block, of size to x to, by its position (r, t), where r = (n, . . . , r/y), 
t = (ti, . . . , tjv) are multi-indices. We have the following formulas for the blocks : 

• for (r, t) with r differing from t at most for the pair of indices (r, ,rj): 

(r,t) = A w (sij) ^2 a r J t,(7)ar i t i (7~ 1 ) , 

where ct! r . ^(7) are the matrix coefficients in the representation Y n \ 

• for (r, t) with r differing from t for indices different from 7"j, Tj 

(r,t)=O m . 

Summing up over j ^ i we can now rewrite relations in block form for each i G [1, AT]: 
1. for (r, t) with r differing from t at most for the index 7^ 

\ E^(^) E^-^k^- 1 ) = -<w™ fi+E Cs|c ^y (Cs) ) ( g ) 



where <J rjtj = { *? H ^ ^ 
[1 it r { =U 



2. for (r,t) with r differing from t at least for an index rj, j 7^ i, and at most for the pair of 
indices (r, , r 3 ) 

2>M*«) E^-t^K^" 1 ) =0. (7) 

In all the other cases we only obtain trivial relations. 

Now we observe that, using the orthogonality property of matrix coefficients of irreducible 
representations of a finite group, we get: 

7er 

Substituting these values in equation (JJJ) we obtain trivial relations. From equation JJJJ, instead, 
we obtain that Yljjti Aw(sij) must be a scalar operator. Thus Lemma \'2 .41 implies that the Young 



10 



diagram A attached to W is a rectangle, of some size a x b, and that Aw(sij) acts on W as 

the scalar (b — a). Thus from equation @ we obtain the equation: 

dimF ft + (b - a) J |r| + £ c s |C S | X y h (C s ) = 

which is exactly the equation J5J for the hyperplane TCh in Theorem 13. II part JJ). Notice that, in 
this case, we get a single equation since Yh is the only factor appearing in Y. 

□ 



We will now analyze the cases when the inertia factor of Y is not the entire Sn and an actual 
induction is needed to build the representation W ®Y ]. If the type of Y is N — [N\, . . . , N v ), 
then the inertia factor is Sj* = iSjvi x • • • x Sn v and we have: 

w ® y T= o\ ■ (w ® y) © • • • e a M ■ (w is y) 

where M = Ni , N .' N ; and {<ji, . . . , cr Jf } is a set of representatives for the left cosets of 5^ in Sat- 

Remark. Let's denote by [cr] the left coset of a with respect to S^. An easy computation 
shows that for any transposition and any permutation cr: 

[sijcr] = [cr] O s a -i(, )(J -i (j ) G S$ . 

Moreover we observe that for any a G Sn and any i = 1, . . . , N: 

We are now ready to prove the following result. 

Proposition 4.4. For a representation W €5 Y f ofT^ of non-trivial type (Ni, . . . , -/V„) relations 
(Rl) are satisfied for some non-zero values of k if and only if: 

i) W — W% ® • • • <8> W„, wii/i irreducible representation of Sw h with rectangular Young 
diagram; 

ii) the parameter (fc,c) satisfies the corresponding system of equations in part II) of Theorem 

ro 

Proof. Let Y be a representation of of type (JVi, . . . , iV„). We observe that for any W, if 
we choose {a%, . . . , <tm} C Sat representatives of the left cosets of (Tn)y in IV: 

w ® y t= o-x ■ (w <g> y) © • • • © (t m ■ (w ® y) , (8) 

is a L^-stable decomposition of W ® Y f. For any representative 07, let's denote by 07 Y the 
representation of T N with same underlying vector space as Y and with the action on Y twisted by 
the automorphism induced by 07 on T N (the action of 7$ on cr/ Y is the same as the action of 7o— 
on Y). Since acts trivially on W, as a F^-module the subspace cr/ • (W ® Y) is isomorphic 
to a direct sum of copies of the irreducible representation o\ Y . So, for a fixed i, the T^-ccntral 
operator —1 — X) 7 er-{e} preserves the subspaces 07 • (W <X> Y) and acts as a scalar on each of 
them. For any vector cr/ ■ v G cr; ( W ® Y) we have: 

-1 - J! c 77i Oi • v) = 0-1 ■ (-v) + a, ■ - J! ^V^) I u I = CO/ ' «)• ( 9 ) 
7er-{e} / V\ 7er-{ e } / / 
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The action of | X 7 er s ijJilj 1 on such a vector is instead: 




(at ■ v) = J2 °V«il) ' ( ( 2 II ^V'W^Ci) I " I (10) 

where <J r (iji) is the representative in the set {<ti, . . . , o~m} of the coset [sy-crj] and £ is the 
unique element s.t. Sycrj = u r (iji)S'iji- 

Relations f-R-Zy 1 are satisfied if and only if these two actions are the same. In particular 
S-Ygr SijJilj 1 must preserve the subspace 07 ■ (W (g) Y). But let's now look at equa- 
tion {TU|l and take j 7^ i s.t. [sycz] = [oy], r 7^ I i.e. Sjj "moves" the subspace 07 ■ ® Y) 
sending it to the subspace oy • (W ® Then we have: s^-i^^-iy-j ^ 5^. This means that the 
representations Y a -i^y Y^_i,., are not isomorphic. As a consequence, arguing as in Section 14.11 
we have that 

Ev(-) 7 ?(,) = 

in the representation W (8 Y, hence Sy sends the subspace 07 • (PF Y) to 0. This means that 
f Sj^i S 7 er SijlilJ 1 indeed preserves the subspace 07 • (W <8> F) and that relations (72iJ split 
up into equations that can be checked on the subspaces 07 ■ (W <g> Y) . So in equation it is 
enough to take the sum over the j s s.t. [sij0z] = \a{\. Moreover we know that if [fly en] = [07] then 

Sijcri = oi s a - 1 (i)a- 1 (j) i- e - = s <7 -1 (t)ff _1 C/)' Hence ' for a fixe< ^ *> if ^r 1 ^) = P tnc relations 
reduce to the following equations: 

where the identity must be considered in the representation W&Y of kT-^ andp € {erf (i), •••,er^ 
For any p, equation (jl 1|> is exactly the pth equation of relations (Rl) for the extension of the rep- 
resentation of trivial type W hp ® Y® Nhp of S Nhp x I^"* to the algebra Hi tk>c (S Nh * T Nh p). It 
is easily checked that, letting i and 0; vary, we obtain all the relations for the extension of the 
representations Wh®Y® Nh of Sn h ®T Nh for any Nh 7^ . Using Proposition ^. 31 we get the result. 

□ 




4.3 The conditions on the parameter (k, c) 

Now that we found out which representations of ITV can potentially be extended to representations 
of -Hi,fc. c (rV) for k 7^ we would like to show that such extensions exist for a non-empty set of 
values of (k,c). This amounts to prove that the system of equations in Theorem 13.11 part II) 
admits solutions. Fix a representation W (8 Y \ of Tjv of type (N\, . . . , N v ) satisfying conditions 
i) ii) of Theorem 13. II part /). We have the following proposition. 

Proposition 4.5. If r = jfc{Nh s.t. Nh 7^ 0}, then the space of the solutions for the system of 
equations in part II) of Theorem \S. 1\ has dimension v — r. 

Proof. By condition ii) we have that: 

r = #{Nh s.t. Nh 7^ 0} < v = ^{vertices in the extended Dynkin diagram of T} . 
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Without loss of generality we can suppose N\, 
the system has size r X u, with r < v — 1: 



, iV r 7^ 0, iVft = for h > r. So in matrix form 



/ (bl l l)|r| |C a |xn(C a ) 
C 2 |xy 2 (C 2 ) 





2 


(62 


-o»)|r| 




2 


Or 


-o r )|r| 



laixr^a) \ 

\Cu\xr a (Cu) 



V 



But now we have: 



/ k \ 



C-2 



\C2\XYAC2) ... \C u \XY r (C v ) / V <W 



Rank 



/ \C2\XYAC2) 
\C2\XYAC2) 

V \C2\xyAC2) 



\c v \xyACu) \ 
\cAxy 2 {Cu) 

\c v \xy t {c v ) ) 



Rank 



( XYAC2) 
Xyi{C 2 ) 



V XYXC2) 



I —dimYi \ 
— dimY2 



\ —dimY r J 



XyACu) \ 
Xy 2 (C v ) 



XY r {Cu) J 



In fact the rows Ri, . . . ,R r on the RHS are rows of the character table for T from which we 
have erased the entries XY h {e) = dimY^. If a- non-trivial linear combination Y^h=i a hRh of these 
rows is zero then the class function X = CLhXY h satisfies the equation: 

x( 7 ) = o, v 7 er-{ e }. 

This is possible only if X = mp, where m £ C and p is the character of the regular representation. 
Now we must have m/0 since characters of non-isomorphic irreducible representations are linearly 
independent. But m 7^ is also impossible since, by condition ii), Y\, . . . Y r are not a complete 
set of irreducible representations of T while, on the other hand, any irreducible representation of 
F occurs in the regular representation with non-zero multiplicity. So the matrix for the system in 
part II) of Theorem 13.11 has maximal rank and the space of solutions has dimension v — r. 

□ 



Combining now the results of this section we obtain Theorem 13. II 



5 Some examples: the cyclic and dicyclic groups 

To clarify our results we will recover more explicit equations and make some remarks in the cyclic 
and dicyclic case (which is the easiest non-commutative case). 
I) The cyclic case. 

Let's consider Y = C n +i = {a, ■ ■ ■ , a n+1 = 1}, the cyclic group of order n + 1 > 2. The abelian 
group Cn+i has, of course, n + 1 conjugacy classes (one for each element a s ), and n + 1 distinct 
irreducible representations, all of dimension 1. Let e be a primitive n + 1th root of unity, then we 
can write the character table of C n +i as follows: 





1 


a 


a 2 






Xi 


1 


e 


e 2 






X2 


1 








£ 2n 














Xn 


1 




e 2n 






Xn+1 


1 


1 


1 




1 



We will write x = xf 1 ® • • • <8> X n +i +1 f° r an irreducible representation of C^ +1 . c s will denote 
the value of the class function c on a s . For any fixed N we can now give the list of irreducible 
representations of Sn x 1 that can be extended to representations of Hi^, c (Sn x Cn+i) f° r 
some values of k ^ 0: 
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1. representations W <8> Xh® N of trivial type (0, . . . , JV, . . . 0), where W has rectangular Young 
diagram of size a x b, can be extended for values of (fc, c) belonging to the hyperplane: 

l + fc (6 ' a) 2 ( " + 1) +X:^ = 0; 

s=l 

2. looking at FigureEH we observe that representations W®\ T of non-trivial type (Ni, . . . , N n+ i) 
occur if and only if r = #{Nh s.t. Nh ^ 0} < [^f-], where [— ] is the Integer Part func- 
tion (there must be r non-adjacent vertices on the diagram A n ). In this case we must have 
W = Wx ® ■ ■ ■ ® W n +\ where Wh has rectangular young diagram of size x bh, V7i. Such 
representations extend for values of the parameter c belonging to the intersection of the 
hyperplanes: 

1 + k {hh - a f n + 1) + ± c s e°» = , s.t. Nh * . 

s=l 

II) The dicyclic case. 

Let r = T> n _2, n > 4, the dicyclic group of order 4(n — 2). This group has the following 
presentation: 

£>„- 2 = {a,/3| a 2( ™- 2) = /3 4 - e, /3 2 = a"" 2 , ^a^a" 1 /?}. 
We recall that the n + 1 conjugacy classes of £>„_2 are the following: 

• each element of type a s forms a conjugacy class together with its inverse a~ s for a total of 
n — 1 classes (e and a™~ 2 form distinct conjugacy classes by themselves); 

• elements of type (3a s form two distinct conjugacy classes of order (n — 2) for s odd and s 
even respectively. 

So D n _2 has n + 1 irreducible representation, 4 of dimension 1 and n — 3 of dimension 2. The 
representations of dimension 2 are the same in the case n — 2 even and n — 2 odd and are obtained by 
induction from the irreducible (non self-conjugate) representation of the normal subgroup C2(n-2)- 
With a proper choice of basis they are given by: 

/ e h \ . / e^"- 2 ) \ 
e- h )> ^{l J 

for h 6 [l,n — 3] , and e a root of unity of order 2(n — 2). Some of the four 1-dimensional 
representations, instead, differ in the case n — 2 even and n — 2 odd. 

If we denote by e a primitive 2(n — 2)th root of unity and by i the imaginary unit we have the 
following character tables for 2?„_2- 

When n — 2 is even: 





1 




a ±2 




a n-2 


I3a 2s 


(3a 2s+1 


\c h \ 


1 


2 


2 




1 


n-2 


n-2 


s h 

l<h<n-3 


2 


e' 1 + e- h 


f 2/i _i_ £ -2/» 




(-l)' l 2 








Sn-2 


1 


1 


1 




1 


1 


1 


Sn-1 


1 


1 


1 




1 


-1 


-1 


$n 


1 


-1 


1 




1 


-1 


1 


<5n+l 


1 


-1 


1 




1 


1 


-1 
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When n — 2 is odd: 





1 


n^ 1 
u 


rv ±2 






Bn 2s 

fJUC 




1(7; 1 




2 


2 






n — 2 


n — 2 


°h 

1 < h < n — 3 


2 


e' 1 + er h 


f 2/i , e -2h 




(-l) ft 2 










1 


1 


1 




1 


1 


1 




1 


1 


1 




1 


-1 


-1 




1 


-1 


1 




-1 


— i 


i 


<5n+l 


1 


-1 


1 




-1 


i 


—i 



We will keep the notation Sh for the irreducible representation of D n _2 corresponding to this 
character, and we will write S for an irreducible representation of T>^_ 2 . We will denote the 
values of c in the following way: c s = c(a s ) — c(a~ s ) (for s — 1, . . . , (n — 2)), c = c{f3a 2s+1 ), 
c e = c((3a 2s ). We can now write the list of irreducible representations of Sn k P„_ 2 that extend 
to representations of the corresponding symplectic reflection algebra for k =/= 0: 

1. representations of trivial type W ® Sf N , where W has rectangular Young diagram of size 
a x b, extend for values of the parameter (k, c) satisfying the corresponding equation among 
the following ones: 

• for Sh, 1 < h < n — 3 

n— 3 

1 + k (fe _ a ) ( n _ 2 ) + £ + e - sh ) + c„_ 2 (-l)' 1 = ; 

• for <5„_ 2 , <5„-i 

n-3 

1 + 2k (b - a) (n - 2) + 2 ^ c s + (-l)"- 2 c„_ 2 ± (n - 2) (c + c e ) = 

with + in the case <5„_ 2 , and — in the case S n —i; 

• for (5„, <5„ + i and rt — 2 even 

n— 3 

l + 2k{b-a) (n-2) + 2^(-l) s c s + c„_ 2 T (n - 2) (c e - c ) =0 

s=l 

with — in the case S n and + in the case <5 n +i; 

• for <5„, <5„ + i and n — 2 odd 

n— 3 

1 + 2k (b - a) (n - 2) + 2 ^(-l) s c s - c„_ 2 T « (n ~ 2) (c e - c D ) = 

s=l 

with — in the case S n and + in the case 

2. looking at FigureEH we can see that representations W<£>8 f of non-trivial type (JVi, . . . , N n+ i) 
occur if and only if r = #{Nh s.t. iV/, ^ 0} < 4 | I 2 ^]- I n this case we must have 
W = W\ (g> • • • <g) Wn+i where has rectangular Young diagram of size x 6^. These rep- 
resentations can be extended for values of (k, c) satisfying the corresponding above equations 
for any irreducible representation Sh occurring in the type of S. 

Acknowledgments. I am very grateful to Pavel Etingof for introducing me to the subject 
and for many useful conversations and comments. 
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